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Abstract: In this paper, a distributed slack bus (DSB) using combined participation factors based on 
scheduled generation capacities of the system is designed in order to distribute the system losses among the 
generators. A DSB algorithm is developed and implemented using a Newton Raphson (NR) solver on a MATLAB 
platform. The IEEE 14 bus is used as a case study. Renewable energy (RE) sources are introduced into the system 
and the generation cost compared between systems with renewable energy sources and those with only thermal 
generators in both the single slack bus (SSB) model and the DSB model. The DSB employed resulted in a reduction 
in overall real power generation from 272.593 MW to 272.409 MW in the 14 bus model and cost of generation 
also decreased in both buses. Real power line losses also reduced in the buses. The change in the generation levels 
of the voltage controlled buses resulted in a proper economic dispatch scheme which gave an accurate 
representation of the network parameters. The cost of generation is considerably reduced upon introduction of 
wind and solar generators into the system as compared to systems without these sources. An even more accurate 
network model is obtained by using combined participation factors. 
Keywords: Distributed slack bus; renewable energy 
1. Introduction
Economic dispatch is the process of ensuring that the total load is appropriately shared the generating units 
operating in parallel in a power system. It uses two notions as its basis, the first is that the generating units must 
provide for the load requirements of the power system within the minimum cost bracket by optimally using the 
units. The second is that the generating units must be able to provide back up if other units fail. However, this is 
constrained within a margin [1]. 
The slack bus is the bus that provides additional real and reactive power to supply the transmission losses 
in a power system. It is also taken as the reference where the magnitude and phase angle are taken. It is the reference 
bus for voltage measurements [1]. 
The use of a distributed slack bus is a technique of removing the concentrated burden of the slack bus by 
distributing losses to each generator bus in the power system. This results in the system generators adjusting their 
outputs appropriately subject to their operational limits in order to achieve economic operation. The model was 
designed to remedy the inadequacies of the single slack bus model which does not exist in actual power systems. 
This has been motivated by the increase in distributed generation, deregulation and liberalization of the power 
generation sector [1]. 
Renewable energy is energy that utilizes sources that are continually replenished by nature to produce 
usable forms of energy. Examples of these sources include, the sun, wind, water, the earth’s heat and plants. This 
study is interested in two types of renewable energy: wind and solar. 
Wind energy is really just another form of solar energy. Sunlight falling on oceans and continents causes 
air to warm and rise, which in turn generates surface winds. The wind has been used by humans for thousands of 
years, first to carry ships across oceans and, later, to pump water and grind grain. More recently, wind has been 
harnessed as a clean, safe source of electricity [1].  
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Solar energy being in abundance almost all over the country is justifiably seen as the ultimate resource to 
tap. Although mainly supplemental in nature, it also addresses the problems of atmospheric pollution and climate 
change [1]. 
 
2. Design methodology 
2.1 Formation of the improved Newton Raphson matrix 
The DSB model selected involves the implementation of a participation factor based on real power 
generation at generator buses. The selected participation factor implemented using a NR solver results in a change 
in the conventional NR matrix [2]. The changes made include designating the slack bus as a generator bus and 
including it in the Jacobian and introducing a participation factor in the Jacobian matrix [3]. This results in the 
formation of a matrix known as the extended Jacobian (Je). The Jacobian matrix loses its symmetry and its new 
size is given by: (2n-m) x (2n-m-1). Where n is the total number of buses in the system and m represents the number 
of generator buses. A real power loss term (PLoss) which is multiplied by the participation factors in also included 
in the corrections matrix. The total real power(𝑃𝑖) injection in the system thus changes and is given by: 
 
𝑃𝑖 = ∑ |𝑉𝑖|
𝑛
𝑘=1 |𝑉𝑘||𝑌𝑖𝑘| cos(𝜃𝑖𝑘 + 𝛿𝑘 − 𝛿𝑖) + 𝐾𝑖(𝑖) ∗ 𝑃𝐿𝑜𝑠𝑠                      (1) 
 
Where Vi is the voltage at the ith bus, Vk is the voltage at the kth bus, Yi is the admittance, 𝛿 is the voltage 
angle, and Ki is participating factor. 
The reactive power(𝑄𝑖) equation remains similar to the single slack bus model since it does not depend on 
the selected participation factor and is given by: 
 
𝑄𝑖 = − ∑ |𝑉𝑖|
𝑛
𝑘=1 |𝑉𝑘||𝑌𝑖𝑘| sin(𝜃𝑖𝑘 + 𝛿𝑘 − 𝛿𝑖)                         (2) 
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Since the participation factor selected depends only on real powers, some terms in the extended Jacobian 
matrix above are removed. 
For real power in the generator buses, 
𝜕𝑃𝑖
𝜕𝑃𝐿𝑜𝑠𝑠




 = 0. The reactive powers are not included in the participation factors. The resulting extended Jacobian 
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2.2 Formulation of Fuel Cost Functions 
For thermal generator, it is required to minimize the fuel cost with real power output. This can be done 
below. 
The fuel cost function of each fossil fuel fired generator is expressed as a quadratic function. The total fuel 
cost in terms of real power output can be expressed as: 
 
C (Pgi) =∑ (𝑎𝑖𝑁𝐺𝑖=1 P
2
gi+biPgi+ci)                                                   (5) 
 
 
ISSN 1813-5420 (Print).  Енергетика: економіка, технології, екологія. 2019. № 2 
ISSN 2308-7382 (Online)                                                                                           61 
 
Where ai, bi and ci are the fuel cost coefficients of ith unit, NG is the number of generators, and Pgi is 
generator active or real power.    
The minimization of fuel cost with reactive power output can also be done. Reactive power production cost 
is highly dependent on real power output. If a generator produces its maximum active power (Pmax) then no reactive 
power is produced. Therefore apparent power equals Pmax, and reactive power production by a generation will 
result in reduction of its active power production. 
To generator reactive power Qgi by a generator I, it is required to reduce its active power to Pgi. Therefore, 
at the different values of Qgi with respect to Pgi, the quadratic cost expression for reactive power is calculated by 
fitting a curve into a quadratic polynomial. The fuel cost in term of reactive power output can be expressed as: 
 
C (Qgi) =∑ (𝑎𝑁𝐺𝑖=1 giQgi
2+bgi+cgi)                                                  (6) 
 
Where agi, bgi, cgi are reactive power cost coefficients, calculated using a curve fitting, and NG is number 
of generators. 
Furthermore, the operating cost function of the wind farm can be obtained. According to [4], the linear cost 
function assumed for the wind farm is given as follows: 
 
Cwi(Wi) = di. Wi                                                            (7) 
 
Where di is direct cost coefficient of ith wind farm, and Wi is actual wind power. 
 
For cost junction due to the over-generation, the penalty cost caused by not using all the available wind 
power is related to the difference between the available wind power and the actual wind power used. The 
mathematical model is written as follows [4]. 
 
Cpwi (Wiav –Wi) = Kpi (Wiav – Wi) =Kpi{(W–Wi)fw(W)}                            (8) 
 
Where Kpi is penalty cost coefficient for over generation of ith wind farm, fw (w) is probability density 
function (PDF) of wind power output, and Wiav is available wind power  
For cost function due to the under generation, the cost function of ith wind farm for calling the reservists 
cover ith wind farm due to under-generation is written as follows [4] 
 
Crwi (Wi – Wiav) = Kri (Wi – Wiav) = Kpi{(W –W i) fw (W)                       (9) 
 
Where Kri is reserve cost coefficient for under generation of ith wind farm. 
 
Therefore, the overall cost functions for the wind farm is: 
 
Cwi (Wi) + Cpwi (Wiav –Wi) + Crwi (Wi – Wiav)                            (10) 
 
2.2.1 Constraints 
The total real power generation by each generating unit must balance the predicted real power demand plus 
the real power losses 
 
∑ 𝑃𝑁𝐺𝑖=1 gi∑ 𝑃
𝑁𝐵
𝑖=1 oi - PL = 0                                             (11) 
 
Where Poi is active power demand on the ith bus, NB is number of buses, and PL is real power losses. 
 
Similarly, for reactive power 
 
∑ 𝑄𝑁𝐺𝑖=1 gi -∑ 𝑄
𝑁𝐵
𝑖=1 oi –QL= 0                                                                       (12) 
 
Where Qoi is reactive power demand on the ith bus, NB is number of buses, NG is number of generators, 
and QL is reactive losses. 
Active and reactive power operating limit (generation capacity limits) is given by 
 
Pmingi ≤ Pgi≤ Pmaxgi (i=1, 2… NG)                                            (13) 
 
Where Pmingi and Pmaxgi are the minimum and maximum limits for active power generation by ith unit. 
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The power balance constraints to be satisfied for thermal and wind energy are [5]: 
 
Real power balance constraints 
∑ 𝑃𝑁𝐺𝑖=1 gi +∑ 𝑃
𝑁𝑤
𝑖=1 wi -∑ 𝑃
𝑁𝐵
𝑖=1 Di - ∑𝑃L = 0                                        (14) 
And 
Reactive power balance constraints 
∑ 𝑄𝑁𝐺𝑖=1 gi +∑ 𝑄
𝑁𝑤
𝑖=1 wi -∑ 𝑄
𝑁𝐵
𝑖=1 Di - ∑𝑄L = 0                                        (15) 
 
Where PDi and QDi are active and reactive power drawn, while, Pwi, and Qwi are the active and reactive wind 
power.   
2.3 Algorithm 
This section discusses the solution algorithm for real and reactive power participation factors. The real 
power participation factors developed in [3] for the general distributed generator and the reactive power distributed 
slack model for the NR method is developed in [6] to distribute the reactive slack. The NR method is selected for 
the distributed slack bus model because, as compared to the Gauss Siedel method (GS), NR has the following 
merits: 
1. Its rate of convergence is fast and therefore requires less number of iterations to obtain the solution. 
2. It is independent of the number of buses of the system hence it can be applied on large practical systems.  
3. The convergence of the method is not affected by the selection of the slack bus; hence there is freedom 
of distributing the slack bus.  
4. It is more accurate and reliable when used for large systems. 
 
However, the feature that automatically disqualifies the GS and Fast Decoupled method as a method to be 
used in the power flow analysis of the DSB model is the fact that all the other methods are sensitive to the position 
of the slack bus. NR method is not sensitive to the position of the slack bus and is therefore an ideal choice for 
power flow for the DSB model 
 
2.3.1 Distributed slack bus algorithm based on real power participation factors 
The distributed slack bus selected based on a real power generator output participation factors is 
implemented using a NR solver. The selected algorithm is illustrated below. 
Step 1: Read system data and formulate Ybus 
Step 2: Initialize bus voltage magnitudes |Vi|, phase angles 𝛿 and set initial PLoss = 0 
Step 3: Set iteration counter K = 0 and convergence criteria ε 
Step 4: Set initial values of Pgi and determine initial participation factor Ki0 
Step 5: Compute Pi (k) and Qi (k) for system buses using the equations: 
𝑃𝑖 = ∑ |𝑉𝑖|
𝑛
𝑘=1 |𝑉𝑘||𝑌𝑖𝑘| cos(𝜃𝑖𝑘 + 𝛿𝑘 − 𝛿𝑖) + 𝐾𝑖 ∗ 𝑃𝐿𝑜𝑠𝑠. 
𝑄𝑖 = − ∑ |𝑉𝑖|
𝑛
𝑘=1 |𝑉𝑘||𝑌𝑖𝑘| sin(𝜃𝑖𝑘 + 𝛿𝑘 − 𝛿𝑖). 
Step 6: Compute residuals ΔPi (k) and ΔQi (k) 
Step 7: Compute largest of absolute residues of Pi and Qi between two successive iterations: 
- If residue < ε: STOP 
- If not, Compute elements of the extended Jacobian (Je) where Je = 
𝑑𝐹
𝑑𝑥
  for each iteration. 
Step 8: Solve for Je (k)∆x (k) = -F (k) 
Step 9: Update values of Vi, 𝛿𝑖 and PLoss for the next iteration i.e. x (k+1) = x (k) + ∆x (k) 
Step 10: Let K = K+1 
Step 11: Check real and reactive limits of the participating generators. If it violates the limits, we change it 
into a constant PQ injection, increment the counter and go to step 4.  
Step 12: If generator limits are not violated, we then calculate the participation factor Ki and go to step 5. 
 
2.3.2 Distributed slack bus algorithm based on reactive power participation factors 
The distributed slack bus selected based on a real power generator output participation factors is 
implemented using a NR solver by as shown above. This paper develops a distributed slack bus algorithm based 
on reactive power participation factors as follows: 
Step 1: Read system data and formulate Ybus 
Step 2: Initialize bus voltage magnitudes |Vi|, phase angles 𝛿 and set initial QLoss = 0 
Step 3: Set iteration counter K = 0 and convergence criteria ε 
Step 4: Set initial values of Qgi and determine initial reactive power participation factor Kt0 




|𝑉𝑘||𝑌𝑖𝑘| cos(𝜃𝑖𝑘 + 𝛿𝑘 − 𝛿𝑖) 
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𝑄𝑖 = − ∑ |𝑉𝑖|
𝑛
𝑘=1 |𝑉𝑘||𝑌𝑖𝑘| sin(𝜃𝑖𝑘 + 𝛿𝑘 − 𝛿𝑖) + 𝐾𝑡 ∗ 𝑃𝐿𝑜𝑠𝑠. 
 
Step 6: Compute residuals ΔPi (k) and ΔQi (k) 
Step 7: Compute largest of absolute residues of Pi and Qi between two successive iterations: 
- If residue < ε: STOP 




for each iteration 
Step 8: Solve for Je (k)∆x (k) = -F (k) 
Step 9: Update values of Vi, 𝛿𝑖 and QLoss for the next iteration i.e. x (k+1) = x (k) + ∆x (k) 
Step 10: Let K = K+1 
Step 11: Check real and reactive limits of the participating generators. If it violates the limits, we change it 
into a constant PQ injection, increment the counter and go to step 4.  
Step 12: If generator limits are not violated, we then calculate the participation factor Kt and go to step 5. 
 
2.4 Flow Charts 



































3. Results and analysis 
3.1Case study 
3.1.1 IEEE 14 Bus Test Network 
 
A one line diagram for the test network is shown Fig.2. 
For the distributed slack bus, bus 1 is considered as a PV bus. Table 1 shows bus data for IEEE 14 bus test 
network, while Table 2 and Table 3 show line data for IEEE 14 bus test network, and cost coefficients for IEEE 
14 bus respectively. 
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Table 1 Bus data for IEEE 14 bus test network 
 
 
















































Table 3 Cost coefficients for IEEE 14 bus 
Fig.2 IEEE 14 bus test network 
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3.2 Results and validation 
3.2.1 IEEE 14 bus results 
3.2.1.1 Ordinary NR using single slack bus 
Table 4 shows IEEE 14 bus output data with single slack bus, while Table 5 shows IEEE 14 bus line flows 
and losses with single slack bus. 
 








Generation cost:  
SSB thermal cost: 4814.131 $/Hr 
SSB overall cost: 4781.009 $/Hr 
Convergence achieved after: 7 iterations 
 

























3.2.1.2 IEEE 14 bus distributed slack bus model 
Table 6 shows bus output data with distributed slack bus using real power PF. Table 7 shows IEEE 14 bus 
line flows and losses with distributed slack bus using real power PF, while, Table 8 and Table 9 show IEEE 14 
bus output data with distributed slack bus using reactive power PF, and IEEE 14 bus line flows and losses with 
distributed slack bus for reactive power PF respectively. 
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Table 6 IEEE 14 bus output data with distributed slack bus using real power PF 
Table 7 IEEE 14 bus line flows and losses with distributed slack bus using real power PF 
Generation cost:   
DSB thermal cost: 4801.906  
DSB overall cost: 4768.870 
Convergence achieved after: 6 iterations 
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Table 8 IEEE 14 bus output data with distributed slack bus using reactive power PF 
 
























DSB reactive with RE cost:  757.623 $/Hr 
DSB reactive thermal cost:  834.150 $/Hr 
Convergence achieved after: 4 iterations 
Therefore the total cost is: 
DSB with RE using combined PF (Thermal): (4801.906*0.8) + (834.150*0.2) = 4008.3548 $/Hr 
DSB with RE using combined PF (With RE): (4768.870*0.8) + (757.623*0.2) = 3966.6206 $/Hr 
 
3.3 Analysis and discussion 
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Fig.4 Voltage angle comparison 
 
From Fig.3, it is observed that the voltage magnitudes between buses are relatively similar. Voltage angles 
vary significantly in the two models as shown in Fig.4. In the SSB model, bus 1 was taken as the reference bus 
with a phase angle of 0. With the DSB models, the DSB distributes system mismatches to all PV buses in the 
system through participation factors resulting in a change in phase angles. Power losses reduce by 0.184 MW in 
the DSB model using real power participation factors compared to the SSB. However, the DSB using reactive 
power participation factors does not improve on the losses, this is because reactive power represents the power 
absorbed by the system. The generator real power outputs with a DSB are slightly less than the real power outputs 
with a SSB as illustrated in Table 10. This results in a lower generation cost in the DSB model as demonstrated in 
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Table 11. The incorporation of renewable energy reduces the cost of generation in both the SSB and DSB as 
demonstrated in Table 11. 
4 Conclusion 
Slack bus modeling for distribution power flow analysis has been studied and investigated. Firstly, the 
distribution power with a DSB model has been studied. Secondly, scalar participation factors to distribute uncertain 
real and reactive power system losses have been used for three phase power flow calculations. Finally, renewable 
energy sources including wind and solar generators have been incorporated in the system as distributed generators 
and the cost of generation has been compared to that of a system without renewable energy. The DSB provided a 
realistic approach to analyzing a power system as compared to the SSB and emerged as a more realistic technique 
to be employed in deregulated distributed generation systems involving renewable energy. The DSB has an effect 
of distributing the system losses thereby allowing dispersed generators to adjust their outputs appropriately to meet 
the load and loss requirements of the network. This is achieved through application of participation factors 
combined participation factors based on the generation capacity. The algorithm developed has been found to be 
robust and can be implemented in larger systems. The developed DSB can be applied in; capacitor placement and 
sizing, network reconfiguration, distributed system expansion and service restoration. 
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